A note on the joint spectral radius  by Rota, Gian–Carlo & Gilbert Strang, W.
MATHEMATICS 
A NOTE ON THE JOINT SPECTRAL RADIUS 
BY 
GIAN-CARLO ROTA AND W. GILBERT STRANG 1) 
(Communicated by Prof. H. FREUDENTHAL at the meeting of April 30, 1960) 
The notion of joint spectral radius of a set of elements of a normed 
algebra, introduced below, was obtained in the· course of some work in 
matrix theory. It was later noticed that the same considerations are valid 
in any normed algebra, irrespective of dimension. The notion seems to be 
useful enough in certain contexts to warrant the following elementary 
discussion. 
Let B be any bounded su~set of the normed algebra m: with identity e. 
Let P n be the set of all elements of m: which are the products of n elements 
of B. The joint spectral radius of the set B is defined to be the non-
negative number 
r(B) =lim sup JJTJJll", 
n->-oo TEP,. 
That this number is well-defined follows just as in the by now classical 
case of the spectral radius of a single element, to which this notion reduces 
when the set B consists of a single element. Indeed, notice that log sup IITII 
TeP,. 
is a subadditive function of n, and apply a well known result of Polya 
and Szego (cf. HILLE [1], p. 124, Lemma 4.7.1). Intuitively, the joint 
spectral radius is related to the commutativity of the elements of B. 
We prove below a result connecting the joint spectral radius with the 
equivalent norms the algebra may be provided with. Let~ be the family 
of norms on m: under which m: is a normed algebra, equivalent to the 
given norm on m: in the sense that kiiTII<N(T).;;;;k-liiTII for some constant 
k i= 0 and for all T in m:. Note that all the norms in ~ are assumed to be 
multiplicative. 
Proposition 1. r{B) = inf sup N(T). 
NE!Jl TEB 
In other words, the joint spectral radius of a bounded set B is equal 
to the infi,mum of the "norm" of the set, ranging over all equivalent 
norms. This result will be a consequence of the following 
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Lemma. Let S be any subset of 12{. A necessary and sufficient con-
dition that there exist an equivalent norm N .such that N(T) < 1 for 
all T E S is that there exist a constant K such that IIT1T2 ... Tnll ,;;;K 
for any T1, T2, ... , Tn in S and for all n. 
Proof. The necessity of the condition is trivial. To prove that it is 
sufficient, define the norms N1 and N2 as 
N1(T) =.sup IIT1T2 ... TiTTi+l ... Tnll, 
i.n~O 
where the supremum is taken over all products of elements Ti of S, 
including the empty product, which gives II Til on the right side; and let 
N2(T) =sup [NI(TT1)/N1(T1)]. 
T,E'll 
T,*o 
Obviously both N 1 and N 2 are vector norms. We must verify that 12{ 
becomes a normed algebra under either of them. To see this, we have first 
IJT1T2 ... TiTToTi+l ... T nil< llT1T2 ... TiTllllToTi+l ... T nll < 
,;;;N1(T)N1(To), 
hence taking the sup on the left, N1(TT0 ) ,;;;N1(T)N1(T0 ) follows. Next, 
Nl(TToTI)(Nl(TI)=[NI(TToTI)/NI(ToTI)][NI(ToTI)(Nl(TI)}";;_N2(T)N2(To) 
for T # 0. Hence taking the sup on the left it again follows that 
N2(TTo) < N2(T)N2(To). 
Secondly, N 2 is an equivalent norm to the given norm on the algebra\!{. 
Indeed, 
Nl(T) IITII N2(T) ~ N 1(6) ~ N 1 (e) for all T, 
Where e is the identity element, and N1(TT1)(Nl(T1) < N1(T) < IITII 
(1+K2), hence taking the sup on the left, N2(T)<IITII (l+K2). Lastly, 
since it is clear that N1(TT1) <:N1(T1) for T in S, we have N2(T) < 1. 
Now to the proof of Proposition 1. Let N be an equivalent norm 
(N E 9C). For T in Pn, so that T=T1T2 ... Tn, we have 
N(T)1ln < (N(T1) ... N(Nn)) 11n <sup N(T); 
TEB 
since N(T)lln;;;, (kiiTII)lin for some k, it follows taking limits that 
r(B) < sup N(T); 
TEB 
hence 
r(B) < inf sup N(T). 
NE9C TeB 
On the other hand, for any s> 0 consider the setS= {T/(r(B) + s)IT E B}. 
Then r(S)< 1, and S satisfies the condition of the preceding Lemma. 
We can therefore find a norm N in 9C such that N(To) < 1 for To in S, 
that is, N(T),;;;r(B)+s forT in B. This completes the proof. 
381 
Corollary. A necessary and sufficient condition that there exist 
an equivalent norm N such that sup N(T) =r(B) is that 
TeB 
sup //T/1 = O(r(B)n) as n _,. oo. 
TEPn 
Proof. The condition is obviously necessary. Conversely, if it is 
satisfied, then the set S={T/r(B)/T EB} satisfies the hypothesis of the 
Lemma. Therefore any norm N provided by the Lemma will do. 
In the special case when W is a subalgebra of the algebra of bounded 
operators on a Banach space X, there is an alternative construction for 
the norms. Let 
M(x) =sup //T1T2 ... Tnx//, TiES, x EX 
n~O 
and let 
N 2'(T) =sup M(Tx)/M(x). 
"'*0 
For a single operator on Hilbert space a much stronger result can be 
established, namely 
r(B) = inf JJS-ITSJJ 
where the inf is taken over all invertible bounded operators S. The proof 
of this result is an immediate Corollary of the main Theorem in [3]. 
A second application of the above Lemma, of independent interest, 
is the following: given a norm N' on a subalgebra W' of a normed algebra 
2!, is it possible to extend it to the entire algfbra? In particular, is it 
possible to find an equivalent multiplicative norm N defined on all of W 
such that N(T) <N'(T) for T in 2{'? The following result provides an 
answer. 
Proposition 2. Let N' be a norm on the subalgebra W' of W which 
on W' is equivalent to the restriction of the given norm on 2!. Then there 
is an equivalent norm N E 9( on 2{ such that N(T)<N'(T) forT in 2!'. 
The proof is immediate from the Lemma. Consider the set 
s = {T/T E 2!', N'(T) = 1} 
and apply the conclusion of the Lemma. 
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